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ABSTRACT. In this talk, we will introduce the notion of affine algebraic groups,
starting with basic definition and examples. The first half of the talk will focus
on the Lie algebras associated with affine algebraic groups. In the second half of
the talk, we will present several basic theorems, including Chevalley’s theorems on
closed and normal subgroups, and Borel’s fixed point theorem. Using Chevalley’s
theorem, we will give a meaningful intepretation of quotients of affine algebraic
groups. Based on Borel’s fixed point theorem, we will give a quick and dirty proof
of Lie-Kolchin theorem. Lecture notes will be distributed at the beginning of the
talk.
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In this talk, k denotes an algebraically closed field. Starting from section 3, [C will
be assumed to be characteristic 0 to avoid separability issues.

1. BASIC DEFINITIONS, EXAMPLES AND PROPERTIES

We start with the notion of algebraic groups.

Definition 1.1 (Algebraic Groups). An algebraic group is an algebraic variety G
with a distinguished point e E G, and two morphisms of varieties

u:GXG—-)G, (gl,gg)v—+gl-gz; LEG—)G, gi—>g’1
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such that G is a group with identity 6, group operation a and inverse L.

We are primarily interested in the case in which the underlying variety is affine (but
not necessarily irreducible). Under this assumption we say G is an affine algebraic
group. Starting from this point, we assume all algebraic groups are affine, unless the
contrary is explicitly stated.

Example 1.2 (GB and Gm). The additive group G8 is the affine line A1 with
identity 6 = 0, group operation ,u(a1,a2) = a1 + a2, and inverse L(a) = —a.

The multiplicative group Gm is the principal open subset A1\{0} C_ A1 with
identity e = 1, group operation ,u(a1,a2) = alag, and inverse L(a) =

Example 1.3 (GLn(k)). The general linear GLn(k) is the principal open subset
DMatnxn(k)(det) with identity being the n x n identity matrix, group operation being
matrlx' multiplcation, and inverse being matrix inversion.

Example 1.4. Every closed subgroup of an algebraic group is an algebraic group.

Example 1.5 (Classical Matrix Groups). There are four families of classical matrix
groups, denoted A1,B,, 0;, D; (l E Z21) respectively, which are all closed subgroups
of general linear groups. They are central to the theory of affine algebraic groups.

(1) Al: The special linear group SL1+1(k) consists of matrices of determinant 1.
(2) 3;: For k with char(k) aé 2, the special orthogonal group SOgl+1(k) consists

of matrices A E SL21+1(k) satisfying
100 100

A‘OOJA_—00J,
0J0 0J0

where J denotes the n X n matrix with l on the anti-diagonal.
(3) CI: The symplectic group Sp2l(k) consists of matrices A E GL21(k) satisfying

Ac awn—<2. z)-
(4) D;: For k with char(k) 75 2, the special orthogonal group 8021(k) consists of

matrices A E SL21(k) satisfying

A‘t" o’)A=(3 3)-
Being an affine variety, an algebraic group admits an irreducible decomposition

G -- X1 U - - - U X, in which the irreducible components X, are cosets of the identity
component of G:

Proposition 1.6. Let G be an algebraic group with identity element 8.
(1) e is contained in exactly one irreducible component G° (known as the identity

component) of G.
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(2) G° is a closed normal subgroup of finite indezr of G.
(3) The cosets of G° are exactly the irreducible components as well as the con-

nected components of G.
(4) If H is a closed subgroup of finite index in G, then H D_ G°.

Definition 1.7 (Morphisms of Algebraic Groups). A morphism f : G1 —> G2 of two
algebraic groups is a morphism of the underlying varieties that is compatible with
the group structure. When G2 = GLn(k), we say f : G1 —) G2 = GLn(k) is rational
representation of G1.

After we introduce the Lie algebra g of an algebraic group G, we will relate rational
representations of G with representations of the g.

The following proposition records some properties of morphisms of algebraic groups:

Proposition 1.8. Let f : G1 —> G2 be a morphism of algebraic groups.
(1) ker f is a closed subgroup of G1. Hence ker f is an affine algebraic group.
(2) Im f is a closed subgroup of G2. Hence Im f is an affine algebraic group.
(3) f(Gl°) = f(Gl)°-

Definition 1.9 (Action of Algebraic Groups). Let G be an algebraic group, X be a
variety. An algebraic group action of G on X is a group action such that the action
map G x X —) X is a morphism of varieties. X is then said to be a G—space.

Understanding algebraic group action turns out to be very useful for understanding
the structure of algebraic group. This will be evident after we see Borel’s fixed point
theorem and Lie-Kolchin theorem. A important tool is the following:

Proposition 1.10 (Closed Orbits Lemma). Let G be an algebraic group acting on
a nonempty variety X. Then closed orbit exists.

One key fact about affine algebraic groups is that all of them are linear:

Theorem 1.11 (Linearization of Affine Algebraic Groups). An affine algebraic group
G is isomorphic to a closed subgroup of some GLn(k).

This is the reason for which people usually call affine algebraic groups as linear
algebraic groups.

2. LIE ALGEBRAS or ALGEBRAIC GROUPS

Before introducing Lie algebras, we shall brief review the concepts of tangent
spaces, differentials and dimensions of varieties.

Definition 2.1 (Point Derivations and Tangent Space). Let X be an irreducible
variety. Let x E X be a point with local ring OXJ. A point derivation 6 at a: is a
map 6 : Ox; —> k such that:

3
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(1) 6 is k—linear.
(2) 5(f - 9) = 5(f) 'g($) +f($) ' 5(9)-

The tangent space TIX is defined to be the set of all point derivation 6 at a: of OXJ.

Definition 2.2 (Differential of a Morphism). Let f : X —> Y be a morphism of
irreducible varieties. The differential of f at x E X is

dzf .~ TEX —> Tf(y)Y, 5 +—) d,f(6),

where d1f(6) = 6 o f# : oxy —>f# 0x; —>6 It.

Easy computations show that d1. f is a k—linear map between two k—vector spaces
TzX and Tf(y)Y; and dx f(6) is indeed a point derivation at f(y). Also, the chain
rule follows easily from the definition.

Lemma 2.3 (Chain Rule). Suppose f : X -—> Y, 9 : Y —) Z are morphisms. Let
x E X, y = E Y, z = E Z. Then dx(gof) = dygodzf : TIX —> TZZ.

Example 2.4. (1) Suppose X and Y are affine varieties embedded in A", A’" re-
spectively. Say f = (fl, - -- ,fm) : X —> Y with f,- E k[:r1,--- ,rn], then dzf:
TIA” —> TfmA’” is given by the Jacobian matrix dz(f) = .

‘ l<_i<_i,1<_j<_m
(2) Consider the canonical projection 1r : Ak"\{0} —> FE”. Recall 132* has a

covering by affine open sets lP’kn’1 = U1.”__1Ui:

--:a¢----:an):aiaé0}<——>~_Akn‘l, (a1:---:an)<—)(ai—a1,---,
i

Let U = (1,0,--- ,0) E Ak"\{0}, 7r(v) = (1 : 0 : : 0) 6 U1. Composition of
morphisms allows us to compute dun in afline coordinates:

1 9
(11' 0i

(Ii-1 ai+l .1")

1132
2113”) HAk"\{(0,x2,--- ,xn):xi E k} a" U1 H ALI, (m1,x2--- ,xn) —> (11:1 23:2 :

..
no

0

By (1), dun = (i.
000 l

for all 12 E A"\{0}.

The computation in (2) will be useful when we construct quotient G/ H of algebraic
groups. A more directly related example of differentials is the following:

Example 2.5. We determine the differential of p and L for an algebraic group G.
(1) Consider d(e,e)G x G —"’— deG EB deG —-> deG. A point derivation 6 E T(e,e)Gx

can be identified with (61, 62) 6 RC 69 TeG.
4
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Letf 6 00m ##(f) -“ Zilli®gn hiagi E 003, i-e» = Z, h2‘(x)9i(y)-
Setting x = e or y = e, then f(r) = Z, h,'(x)g,t(e), f(y) = Z, h,-(e)g,-(y). So

to) + to) —— 2 some) + Z semi).
On the other hand,

d(e.e)#(5)(f) = 501*?) = (51,52)( 2 hi ® 92‘) = Z 51(91)hi(e) +gi(e)52(hi)-
1_<i_<J' 1951‘

We conclude that d(eye)p(6) = d(e,e)p(61, 62) = 61 + 62.
(2) Consider deb : TeG —> TeG. Note the composition

G‘-i“‘"GxG->"G,
is a constant map on G, thus the differential is trivial. By chain rule,

0 —— dealt 0 dead, L) —— dame. Ida). data» —-“’ 6 + dew) => deem) —— —6.
Recall a point :1: on a variety X is said to be smooth if dim TIX = dim X. Smooth

points alway exist for irreducible varieties. This is the content of the next theorem:

Theorem 2.6. Let X be an irreducible afline variety.
(1) dimeX >_ dimX for all x E X.
(2) The set of smooth points forms an open (hence dense) subset of X.

For an algebraic group G, the left translation by g E G, G —> G, :1: I—) ,u(g,a:), is
an isomorphism of the underlying variety. Its differential TIG —) TNG is an vector
space isomorphism, thus dim TZG is a constant for all x E G. By above theorem,
smooth points exist in G so every point is smooth:

Proposition 2.7. All points on an algebraic group G are smooth.

Morphisms of algebraic groups satisfy the “rank-nullity theorem”:

Proposition 2.8. dim G1 = dim ker f + dim Im f for an algebraic group morphism
f .' 01 —l G2.

A main theme of the theory of algebraic groups is to classify algebraic groups of
various types. Classifying 1—dimensional algebraic groups is not very challenging:

Theorem 2.9 (Classifying 1—Dimensional Groups). The only connected 1—dimensional
algebraic groups (up to isomorphism) are Ga and Gm.

We give some other examples for dimension of algebraic groups.

Example 2.10 (GLn(k), SLn(k)). Since GLn(k) is a principal open subset, dim GLn(k) =
n2. As SLn(k) is cut off by one equation, dim SL1+1(k) —- (l + 1)2 — 1.

5
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The dimension of other three families of classical matrix groups is not possible to
read off directly from their defining equations. We need Lie algebras to determine
their dimension.

Definition 2.11 (Lie Algebras). A Lie algebra is a k—vector space 9 equipped with
Lie bracket [-, : g x g —+ 9 such that

(1) {Bilinearity} [-, is linear in each variable.
(2) {Antzs'ymmetry} For all a: E g, = 0.
(3) {Jacobi Identity) For :c,y, z E g, [33, [y,z]] + (y, [2,xl] + (2:, [33,34]] = 0.

Example 2.12 (\l'Iatrix Algebra). The k—vector space of n X n matrices with entries
from k becomes a Lie algebra under the commutator bracket [A, B] = AB — BA. It is
denoted g[n(k) := (Matn(k), [-, Subalgebras of g[n(k) is called linear Lie algebra.

Definition 2.13 (Lie Algebra Homomorphisms). Let (Q, [~, and (h, [-, be two
Lie algebras. A Lie algebra homomorphism (b : g —> b is‘ a k—linear map such that
{weevil} = elmlg for all M E 9- When b = 911.06), we say <15 -' 9 -> b = ark) 28'
a representation of 9.

Recall every affine algebraic group is linear. Similarly we have Ado’s theorem for
Lie algebras:

Theorem 2.14 (Ado). Every finite dimensional Lie algebra is isomorphic to a Lie
subalgebra of some general linear algebra g[n(k).

Previously we have seen the notion of point derivations. Now a derivation of an
algebraic group G is a map 6 : HG] —> HG] such that

5(f+h) = 5(f) +50%), 5(f ' h) = f'5(h) +5(f) - h.
The k—vector space of all derivations of MG] is denoted Der(k[G]).
Definition 2.15 (Left Invariant Derivations). Let g E G. The map

Ag 2 lel —> M01, f H (g' H M“ -g'))
is called left translation of functions by g. A derivation 6 : HG] —-) le] is left
invariant if 6 0 A9 = Ag 0 6 for all g E G. The k—vector subspace of all left invariant
derivations of HG] is denoted $(G).

Definition 2.16 (Lie Algebra of G). For 61,62 6 3(G), define

[-, 22(0) x $(G) —> $(G), [61,62] : 61062 — 62 061.

[-, :.Z’(G) x .2”(G) ——> .2’(G) is well-defined and makes 3(G) into a Lie algebra.
6
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One should think in the way that derivations are global and yield points derivations
at each point. More formally, for 6 6 2(0), denote 0(6) to be such that

9(5) -‘ k‘lGl -> k, f H (5(f))(6),
where 6 denotes the identity element of G. Such 6(6) will be a point derivation at e,
i.e, 6(6) extends to a map

0(6) : (90¢ ——> k
such that 0(6) is k—linear and it satisfies product rule:

9(5)(f ‘ h) = 9(5)(f) ' W) + f(€) ((5)01)-
Hence we have an assignment (9 : .5,” (G) —> Te(G).

The key fact is that 6 is actually a k—vector space isomorphism. A point derivation
at 6 may be pushed forward to all of g e G if we insist it being preserved under left
translation. This idea of “push forward” a point derivation to a “global” derivation
can be summarized in the following picture, though this is really a picture of the Lie
group S1, not a picture of affine algebraic group:

3

Left invariant derivations: O Q

g

A point derivation Q pushes forward to

Theorem 2.17 (Tangent Space as Lie Algebra). (9 : .5,” (G) —> g 13' a vector space
isomorphism.

Proof Sketch. Construct an inverse * : g —-) .Z’(G) of 0, known as convolution:

(*Tl(f))(g) = 71(69-1(f))
for f E k[G] and g E G. One needs to show the following:

(1) The image of *7) does lie in
(2) *n : k[G] —> k[G] is a derivation on
(3) *n : k[G] —> k[G] is left invariant.
(4) >9: : g —> $(G) and 0 are mutual inverse of each other.

7
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The details will be omitted.
The Lie algebra of GLn(k) is g[n(k):

Theorem 2.18 (Lie Algebra of the General Linear Group). The composition

was» as” T1. Gas) & are
is a Lie algebra isomorphism.

 

A y A m
Proof Sketch. The map Q? is ELLA Ajax—61.1)," <—> (Am) 2 ( ) . C]

We return to the question what is the dimension of classical matrlx‘ groups:

Example 2.19 (Lie Algebras of Classical Matrix' Groups). In Lie algebra, there are
also four families A1, 8;, 01,0; of classical algebras, which are subalgebras of g[n(k).
They are exactly the Lie algebras of corresponding classical matrix groups.

(1) A1: Let sll+1(k) be the space of all trace zero matrices a: E Mat1+1(k), known
as special linear algebra. It is the Lie algebra of SL1+1(k).

(2) 3;: Let chark aé 2. Let f : km“) x km“) —> k be the bilinear form whose
matrix' is (01 00 1031 Let 021(k) be the space of matices x E Mat21+1(k) such

0 Id;

that

f(x(v),w) = —f(v,;r(w)) V v, w 6 km“,
known as orthogonal algebra. If is the Lie algebra of 80214406).

(3) C1: Let f : k” x k” -> lF be the bilinear form whose matrix is (40m [3‘ Let
5p2,(k) to be the space of matrices :r E Mat21(k) such that

f(:v(v),w) = -f(v,x(w)) V Wu 6 k”,
known as sympletic algebra. It is the Lie algebra of Sp21(k).

(4) D1: Let char(lF) :79 2. Let f : k2l x k” —> k be the bilinear form whose matrix
is (,2, ‘3‘ Let 021(V) to be the space of matrices x E Mat21(V) such that

f(:r(v),w) = -f(v,:r(w)) V v,w E V,

also called orthogonal algebra as in (2). It is the Lie algebra of 802106).
To show these are the Lie algebras of the matrix groups, one can use “dual numbers”.
Now computing the dimension of classical matrix groups downgrades to computing
the dimension of these classical algebras, which is a easier linear algebra problem.

One consequence of theorem 2.1? is that we may start to call 9 = TeG as the Lie
algebra of the affine algebraic group G, by pulling the structure of Lie algebra on
.2”(G) back to 9. Using this convention, we now answer the question how morphism
of algebraic groups is related to morphism of Lie algebras:

8
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Theorem 2.20 (Induced Lie Algebra Homomorphism). Let G and H be afline al-
gebraic groups with Lie algebra g = TeG and l) = TeH respectively. Let (b : G —> H
be a afi‘ine algebraic group homomorphism. Then the difierential

de¢ : g —> b, 7) i—> dawn), de¢(n)(f) = n(f 0 ¢): f 6 km
is a Lie algebra homomorphism.

In particular, a rational representation (,0 : G —> GLn(k) of an affine algebraic
group gives rise to a representation of Lie algebra detp : g —) gln(k).

3. QUOTIENTS or ALGEBRAIC GROUPS

Starting from now on, we assume char k = 0 to avoid separability problems.
In group theory, one constructs coset space and quotient group. When N is a

normal subgroup of G, then the quotient G/N is a group and 7r : G —> G/N is a group
homomorphism. (G/N, 7r) satisfies universal mapping property that if gb : G —> G’
is a group homomorphism such that N _C ker(¢), then there exists a unique group
homomorphism (b : G/N —> G’ such that (b = do 7r.

The goal of this section is to make sense of G/H for a closed subgroup H of an
affine algebraic group G, and describe its universal property. In order to do so, one
needs the help of two Chevalley’s theorems.

Theorem 3.1 (Chevalley 1). Let G be an algebraic group, H be a closed subgroup of
G. Then there is a rational representation (p : G —> GL(V) and an l—dimensional
subspace L _C V such that

H={xEG:<p(:r)L——L}, b={6Eg:de(6)LC_L}.

Definition 3.2 (Homogeneous G—Space). Let G be an algebraic group and X be a
G—space. X is said to a homogeneous provided that the G—action is’ transtitiue.

Definition 3.3 (G—Equivariant Morphism). A morphism d : X —> Y between two
G-spaces is said to be G—equiuariant provided that following diagram commutes:

GXX——)XMl g.
G x Y ——) Y

In concrete formula, ¢(g - x) = g -

Theorem 3.4. Let H be a closed subgroup of an algebraic group G.
(1) The coset space G/H has a structure of quasi-projective variety, and 7r : G —+

G/H is a morphism of varieties.
9
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(2) Let X be a homogeneous G—space, d) : G ——> X be a G—equivariant mor-
phism such that ¢(h) = (13(1) for all h E H. Then there exists a unique
G—equivariant morphism phi : G/H —> X such that d = (t 0 7r.

Proof Sketch. By 3.1, there is a rational representation 4p : G —+ GL(V) and an
1—dimensional subspace L _C V such that

H={;rEG:<p(x)L—-L}, b={669:d<p(6)L_CL}.

We may identify H to be the stabilizer the point [L] E IP(V). Orbit-Stabilizer
theorem gives a bijection G/H <—) G- The orbit G - [L] is in fact quasi-projective.
Use this bijection to endow G/H with a structure of quasi-projective variety and a
sheaf of function. E]

The previous Chevalley’s theorem assumes H only to be closed. The next Cheval-
ley’s theorem described the situation for normal closed subgroups.

Theorem 3.5 (Chevalley 2). Let G be an algebraic group, N be a closed normal
subgroup of G. Then there is a rational representation cp : G —+ GL(W) such that

N = her (p, n = ker dcp.

This version of Chevalley’s theorem implies that quotient of an affine algebraic
group by a normal closed subgroup is again an affine algebraic group.

Theorem 3.6. Let N be a normal closed subgroup of an algebraic group G. Then
the coset space G/N has the structure of an afiine algebraic group.

Proof Sketch. By there is a morphism of algebraic group (p : G —) GLn(k) such
that kergo = N. As abstract groups, G/N =~ 90(G) _C GLnUc). In fact this is an
isomorphism of varieties. El

4. BOREL’s FIXED POINT THEOREM AND LIE-KOLCHIN THEOREM

Historically, the notion of solvable groups emerged when people tackled the prob-
lem whether quintic polynomials are solvable in radicals. In this section, we will
show all connected solvable affine algebraic groups are upper triangular. Let’s recall
the definition of solvable groups first:

Definition 4.1 (Solvable Groups). The derived series of an abstract group G is'

00(0) .3 DI(G) .3 D2(G) .3
where D°(G) -— G, D"+1(G) = [D“(G), D‘(G)]. G is said to be solvable provided its
derived series ends with D"(G) = e for some n.

Here is an easy fact about solvable groups:
10
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Lemma 4.2. Subgroups and homomorphic images of solvable groups are solvable.

Remark 4.3. One built-in feature of the definition of solvable group is that it allows
induction on dimension of connected solvable alfine algebraic groups. The reason is
that if G is connected solvable affine algebraic group, then (G, G) is closed, connected
and solvable with dim(G, G) < dim G. We will use this feature in the proof of Borel’s
fixed point theorem.

Example 4.4 (Upper Triangular MatriceS). Tn(k) denotes the set of invertible up-
per triangular n x n matrices, which constitutes a closed subgroup of GLn(k). Tn(k)
is solvable, but the argument for showing this is not extremely enjoyable. We down-
grade it to an exercise.

We are now ready for Borel’s fixed point theorem:

Theorem 4.5. IfG is a connected solvable afiine algebraic group acting on a nonempty
projective variety, then G has a fixed point on X.

Proof. As promised before, we will use induction on dim G. If dimG —- 0, then
G = {e} fixes every point of X, proving the base case. In the induction step, we
use induction hypothesis to (G,G) so that (G, G) has fixed points on X. Let Y be
an irreducible subvariety of X which (G, G) acts trivially. Since (G, G) is normal in
G, Y is invariant under G—action, then H := G/(G, G) acts on Y. By closed orbit
lemma 1.10, there exists a closed orbit Z _C Y of H. Z is a projective variety, and is
isomorphic to H/Hz where Hz is the stabilizer of some a: 6 Z. Since H is abelian,
Hz is normal in H, so by 3.6, H/Hz is an affine algebraic group. It follows that
Z _"’- H/Hz is irreducible, affine and projective, thus must be trivial. We conclude Z
consists of one point, and this point is fixed by G. El

Having Borel’s fixed point theorem in hand, we will easily obtain Lie—Kolchin
theorem which asserts every connected solvable affine algebraic groups are upper
triangular. The last missing of puzzle is flag variety before we prove Lie-Kolchin
theorem.

Definition 4.6 (Flag Variety). Let V be a d— dimensional k—vector space. The flag
variety 3(V) conszs'ts of full flags

0_CV1._C"'_CVd1_CV
where dimVj = j. $(V) has a structure of projective variety.

Theorem 4.7. Let G be a connected solvable afline algebraic group. Let (p : G —>
GL(V) be a rational representation. There exists a basis of V such that the images
in np(G) are all upper triangular, i.e., np(G) _C T".

11
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Proof. np(G) is a closed connected solvable subgroup of GL(V). <p(G) acts on the
flag varieties 3W). Since 3(V) is complete, by Borel’s fixed point theorem 4.5, <p(G)
fixes a flag

0__0V+clv*c...+cvn_—V_
With respect to a suitable basis, 90(G) is upper triangular.

5. ACKNOWLEDGEMENT

I would like to thank Matt Stevenson for giving me this chance of presenting at
the Student Algebraic Geometry Seminar; thank Professor Tasho Kaletha for his
mentoring; thank Daniel Minahan and Sam Freedman for discussing affine algebraic
groups during the summer.

REFERENCES

[1] A. Borel, Linear Algebraic Groups, Springer-Verlag, New York, 1991.
[2] M. Brion, Introduction to actions of algebraic groups, https://www-fourier.ujf-grenoble.

fr/~mbrion/notes_1uminy.pdf.
[3] N. Dupré, Subgroups of Linear Algebraic Groups, https://www.dpmms.cam.ac.uk/~nd332/

alg_@s.pfi.
[4] J. Humphreys, Introduction to Lie Algebras and Representation Theory, Springer-Verlag, New

York, 1972.
[5] J. Humphreys, Linear Algebraic Groups, Springer-Verlag, New York, 1975.
[6] J. Milne, Lie Algebras, Algebraic Groups, and Lie Groups, http://www.jmilne.org/math/

CourseNotes/LAG.pdf.
[7] N. Perrin, Linear Algebraic Groups, http://lmv.math.cnrs.fr/annuaire/nicolas-perrin/

enseignement.
[8] T. A. Springer, Linear Algebraic Groups, Birkhauser, Boston, 1981.
[9] T. Szamuely, Lectures on Linear Algebraic Groups, https://ww.reny1‘.hu/ ~szamuely/ lag.

pdf.

12


